Abstract. Let S(X) denote the set of all closed subsets of a topological space X, and C(X) denote the set of all continuous mappings f :
The two mappings Alg : P(S(X)) → P(C(X)) and Lat : P(C(X)) → P(S(X)) form a Galois connection between P(S(X)) and P(C(X)). Thus as in the general case, for any A ⊆ S(X) and F ⊆ C(X) we have (i) Lat(Alg(A)) ⊇ A, Alg(Lat(F)) ⊇ F;
(ii) Alg(Lat(Alg(A))) = Alg(A), Lat(Alg(Lat(F))) = Lat(F).
A family A ⊆ S(X) is called reflexive if A = Lat(Alg(A)). Similarly, F ⊆ C(X) is reflexive if F = Alg(Lat(F)).
As in the general case [9] , A ⊆ S(X) is reflexive if and only if there exists F ⊆ C(X) such that A = Lat(F). Also by the above condition (i),
A is reflexive if and only if
Lat(Alg(A)) ⊆ A. If X is a space with the discrete topology, then S(X) = P(X) and C(X) is the set of all mappings from X to X. By Theorem 1 of [9] , a family In fact, assume that X is not a singleton. For any point x ∈ X, {x, a} = {a} ∪ {x} is a proper closed set. Thus {x, a} \ {a} = {x} is also closed.
A ⊆ P(X) is reflexive if and only if
The set {a, b} with the non-T 1 topology satisfies the conditions in Lemma 2. Thus the requirement |X| = 2 is needed.
Let A ⊆ S(X) be a collection of closed subsets of X satisfying conditions 
Proof. (1) and (2) are trivial. We only prove (3). Let U be open and (x λ ) λ∈D be a net in X \ κ(U ) which converges to the point a ∈ X. For each 
By the assumption on X, f is continuous. For every (2) Let λ be an infinite cardinal and X be any set. Define τ to be the topology consisting all subsets whose complements are either X or has cardinal less than λ. Then (X, τ ) satisfies the conditions in Lemma 2, it is therefore s-reflexive.
(3) Suppose E is a subset of X. Define the topology τ E such that a subset A of X is closed if and only if either A = X, or A\E is finite. Then (X, τ E ) obviously satisfies the conditions in Lemma 2. So (X, τ E ) is s-reflexive. and every x ∈ X, since {x, 
Since the interval [−1, 1] equipped with the discrete topology is s-reflexive and the Euclidean interval is a continuous image of it, so the continuous image of s-reflexive spaces need not be s-reflexive.
In the following we investigate the s-reflexivity of some special spaces . This lemma is a corollary of [8, Lemma 3 ] . The following direct proof was provided by the referee.
Proof. Since X is paracompact, we can assume that the family U = {U α : α < λ} is locally finite and cl(U α ) ⊆ U for every α < λ. At first we construct a family {W α : α < λ} of clopen sets of the subspace U by transfinite induction such that, for every α < λ,
(ii) {W ξ : ξ ≤ α} ∪ {U ξ : α < ξ < λ} is a cover of X.
In fact, if W β is constructed for every β < α in such a way that the conditions (i) and (ii) are fulfilled for {W β : β < α}, we consider the closed set
It follows from the local finiteness of the family U that A α ⊆ U α . Since X is strongly zero-dimensional, we can choose a clopen subset W α such that
Then the family {W β : β ≤ α} satisfies the conditions (i) and (ii). The transfinite induction is completed. Since the family {W α : α < λ} is locally finite, the family V = {V α : α < λ}, where,
is as required. Proof. Let A be a family of closed sets in X satisfying conditions (a),(b) and (c) of Lemma 1. We show A = Lat(Alg(A)). To this end, it is enough to show that if B ∈ A then there is f ∈ AlgA so that f (B) ⊆ B.
Suppose B ∈ S(X) and B ∈ A. Then there is b ∈ B such that φ({b}) ⊆ B. Choose an element c ∈ φ({b})\B and a clopen set U 0 with diam(U 0 ) < 1
Now we construct two sequences
of collections of pairwise disjoint non-empty clopen sets, and a mapping α n : V n → U n for each n, such that the following conditions are satisfied:
(iii) U n+1 is a refinement of U n , and V n+1 is a refinement of V n ;
Then the above six conditions are satisfied. Now suppose U n , V n and α n : V n → U n have been defined and satisfy conditions (i)-(vi). For any U ∈ U n , by Lemma 7 there exists a family
Obviously U n+1 is a refinement of U n . Next, for each V ∈ V n , by (iv)
we have V ⊆ κ(α n (V )). Note that κ preserves union by Lemma 4(2), it follows that {κ(W ) ∩ V : W ∈ U n+1 (α n (V ))} is an open cover of V . Again, by Lemma 7, there is a cover V n+1 (V ) of V consisting of pairwise disjoint clopen sets and V n+1 (V ) is finer than {κ(W ) ∩ V : W ∈ U n+1 (α n (V ))}. Put
To define α n+1 , for each A ∈ V n+1 , there is a unique V ∈ V n such that
Such a set E need not be unique. Choose any of them and let α n+1 (A) = E.
Thus we defined a mapping α n+1 : V n+1 → U n+1 .
By induction we defined the sequences {U i }, {V i } and mapping α n for each n. The conditions (i),(ii),(iii) and (iv) follow immediately from the construction of these objects.
To show that condition (v) is also satisfied, let m ≤ n, then V n is a refinement of V m . If V ∈ V m , W ∈ V n and W ⊆ V , then W ⊆ V for some
To prove (vi) is valid it is enough to check the case where n = m + 1.
Let V ∈ V m with W ∈ V m+1 and W ⊆ V . By the definition of α m+1 ,
Define the mapping f : X → X as follows:
First, f is well defined. As a matter of fact, if x ∈ V 0 , then for each n, there is a unique V n ∈ V n with x ∈ V n . If x ∈ V n ∈ V n , x ∈ V m ∈ V m and m ≤ n, then it follows from the condition (v) that
Thus {α n (V n ) : n ∈ N} is a sequence of closed sets whose every finite subfamily has a non-empty intersection. Furthermore, diam(α n (V n )) ≤ 1 n for each n and X is complete, so the set ∞ n=1 α n (V n ) is a singleton. The mapping f is clearly continuous on X \ V 0 . For any x ∈ V 0 and every > 0, there exist n and V n such that x ∈ V n ∈ V n and α n (V n ) ⊆ B(f (x), ). For each y ∈ V n , by the definition of f , f (y) ∈ α n (V n ), hence f (y) ∈ B(f (x), ). This shows that f is also continuous on X \ V 0 .
For any x ∈ X, we show f (x) ∈ φ({x}). If x ∈ V 0 , f (x) = x ∈ φ({x}).
If x ∈ V 0 , then for each n, there is a unique V n ∈ V n such that x ∈ V n . But
Then the sequence {x n } converges to f (x), so f (x) ∈ φ({x}) because φ({x}) is closed.
Now for each
Hence f (B) ⊆ B, which implies B ∈ Lat(Alg(A)). The proof is complete.
Note that in constructing the sequences
and mapping α n we did not make use of the completeness of X.
By [1, Corollary 6.2.8] every countable metric space is strongly zerodimensional but is not necessarily complete.
Theorem 3. Every countable metric space is s-reflexive.
Proof. Let X be a countable metric space. Then X is strongly zerodimensional. We show that X is s-reflexive. The proof is similar to that of Theorem 2. Again let A be a family of closed sets in X satisfying conditions We now define by induction two sequences {U n } ∞ n=1 and {V n } ∞ n=1 of pairwise disjoint clopen sets of X, a map α n : V n → U n for each n, and f (x n ) (n ∈ N), such that the conditions (i)-(vi) in the proof of Theorem 2 and the following (vii)-(viii) hold:
(vii) for any 1 ≤ i < j ≤ n, if x i ∈ V ∈ V n and x j ∈ V ∈ V n , then
For n = 1 we let U 1 = {U 0 }, V 1 = {V 0 }, α 1 (V 0 ) = U 0 , and f (x 1 ) = c.
Suppose for each i ≤ n, U i , V i , α i and f (i) have been defined and satisfy the conditions. To define these objects for n + 1, for each U ∈ U n choose U n+1 (U ) as a collection of pairwise disjoint clopen sets with diameter less
. We consider three cases:
and the restriction of α n+1 on V n+1 (V ) are defined in the same way as in the proof of Theorem 2. When the intersection is
Choose two disjoint clopen sets C and D such that x i ∈ C, x n+1 ∈ D, and C ⊆ κ(U ) ∩ V for some U ∈ U n+1 (α n (V )) with f (x i ) ∈ U ( note: by induc-
} consisting of pairwise disjoint clopen sets and containing both C and D as members. Define α n+1 on V n+1 (V ) by letting α n+1 (C) = U , and α n+1 (F ) as before if F = C. Also de- At last let V n+1 = {V n+1 (V ) : V ∈ V n }. Since there is a unique V ∈ V n that contains x n+1 and satisfies the condition in either Case A or Case B, so f (x n+1 ) is defined.
Let g : X → X be the mapping defined by g(x) = x for x ∈ V 0 and
To complete the proof we only need to verify that g is continuous, and it is enough to show that f is continuous on V 0 . For any x = x n ∈ V 0 and any > 0, choose m ≥ n,
Hence f is continuous at x n .
A space X is called hereditarily disconnected if X does not contain any connected subset of cardinality larger than one.
Lemma 8. For every T 1 connected space X with more than two elements, there is a connected subset B ⊆ X such that 1 < |B| and B = X.
Proof. Suppose the only connected subsets of X are X and singletons.
Choose any a ∈ X. Then X \ {a} is not connected and hence it is a union of two disjoint non-empty open sets U and V in X. Then cl(U ) = U ∪ {a}, otherwise, cl(U ) = U , which implies U is clopen and so X is not connected.
Similarly, cl(V ) = V ∪ {a}. By the assumptions, cl(U ) is not connected, so cl(U ) is a union of disjoint non-empty closed sets E and F in X. Assume a ∈ E, then E is a non-empty proper clopen subset of X as E = X \ (F ∪ cl(V )).
But this contradicts the connectedness of X. The contradiction completes the proof.
Lemma 9. Every s-reflexive Hausdorff space is hereditarily disconnected.
Proof. If X has at most two elements, it is clearly hereditary disconnected. Now assume X has more than two elements. Suppose X is not hereditarily disconnected. If X is not connected, then as it is not hereditarily disconnected, one of its connected components, say B, is a proper non-singleton connected subset. If X is connected, by Lemma 8 there exists also a proper non-singleton connected subset B. Choose b 1 , b 2 ∈ B with
Then F satisfies conditions (a),(b) and (c)in Lemma 1, and {b 2 } ∈ F.
However, {b 2 } ∈ Lat(Alg(F)) which implies that X is not s-reflexive. In fact, if f ∈ Alg(F) and b ∈ B, from {b, x 0 } ∈ F it follows that f (b) = b or f (b) = x 0 . Thus B is the union of the disjoint closed sets E = {b ∈ B :
since B is connected. In particular, f (b 2 ) = b 2 . We are done.
Theorem 4. Let X be a locally compact metric space. Then X is sreflexive if and only X is zero-dimensional.
Proof. Noting that every metrizable locally compact space is completely metrizable (see [1, p609] ) and the property of s-reflexive is topological, the theorem follows from Theorem 2, Lemma 5 and the fact that hereditarily disconnectedness, zero-dimensional and strong zero-dimensional properties are equivalent for locally compact paracompact spaces (see [1, Theorem 6.2.9] ).
In the following we construct a locally compact countable complete metric space which has a one point extension that is not s-reflexive. We shall define a non-reflexive family of closed sets in the space that satisfies all conditions (a),(b) and (c), as well as (d) in Lemma 1. 
and max{g, h} : To see that (c) is also satisfied, consider any family
But A is not reflexive. In fact, {(0, 0)} ∈ A. For any f ∈ Alg(A), as
If the later holds, then
, g(n)), n ∈ N. Then we have a map-
Note that the only non-empty connected subsets of X are singletons, so the family A constructed above also satisfies condition (d).
A closed set A of X is called reflexive if {∅, A, X} is reflexive. Since {∅, X} is reflexive for every X, so both ∅ and X are reflexive.
Lemma 10. A closed set A of X is reflexive if and only if for each
Proof. Assume A = ∅ and A = X. The necessity is trivial. To show the sufficiency, suppose B ∈ S(X) and B ∈ {∅, A, X}. We verify that there Proof. Let X be a zero-dimensional space, and A, B ∈ S(X) with ∅ = A ⊂ B = X. Choose a ∈ A and x 0 ∈ X \ A. There exists a clopen set U x 0 such that U ∩ A = ∅. Consider f : X → X defined by f (x) = a if x ∈ U and f (x) = x 0 if x ∈ U . Then f ∈ C(X) and f (A) ⊆ A but f (B) ⊆ B.
Remark 1. We end the paper by listing some problems. 
